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Theoretic e lec t ron  emission a t  high electric fields r eac t s  strongly 
t o  the  value a t  which the  free-space poten t ia l  terminates on the emitter m 
0 
a3 cu surface.  To indicate  t h i s  e f f ec t ,  it is  t r a d i t i o n a l  t o  tack the  simple 
w 
image po ten t i a l  t o  the bottom of the  bulk-metal conduction band, t o  talk 
of the  implications of t h e  refined model, and t o  t rade  i t s  complications 
f o r  t he  ease of t he  ordinary image a t  t he  mathematic outset .  
This paper uses a terminated image po ten t i a l  throughout. 
cu la r  po ten t i a l  resu l ted  from consideration of surface conditions.  
The prt i-  
A t  the 
metal boundary, severa l  mechanisms co l lec t \  excess electrons and dr ive  the 
po ten t i a l  up abruptly.  However, the  surface poten t ia l  is  l imited by the 
near-equilibrium assumption and the large number of electrons around the 
Fermi l e v e l .  
So for  t h i s  work, the free-space po ten t i a l  connects t o  the Fermi 
l e v e l  a t  the  emitter sur face , l  and there  the  poten t ia l  drops d i r e c t l y  t o  
the  bottom of t h e  conduction band i n  a s i l e n t  t r i b u t e  t o  i n t e r f a c i a l  
ignorance. 
mation for a rap id ly  but smoothly changing poten t ia l .  
This w a l l  and corner combination is  a mere mathematic approxi- - 
The a c t u a l  po ten t ia l  
path is  probably s i m i l a r  i n  sever i ty  t o  the near v e r t i c a l i t y  of the ordinary 
image near the  emit ter  face .  
theory, r e f l ec t ions  a t  abrupt changes i n  poten t ia l  are neglected. 
Thus, i n  l i n e  wi&h previous f i e l d  emission 
'F. M. Propst, Phys . Rev. 129, 7 ( 1963). a I#* - .  1 
2 
-%e bar r ie r  i s  sketched i n  Fig. 1. In t h i s  model, 
the conventional image merely s h i f t s  t o  intercept  the emitter surface a t  
the Fermi level ;  it is  an 0.8 A move f o r  a 4.5-V work function. 
0 
This t rans la t ion  seems negligible,  but a s  it was s t a t ed  previously, 
image potent ia ls  of the nonterminated ( N I P  = -e2/&) and terminated 
(TIP=-ez/[4x + e/cp] ) types d i f f e r  s ign i f icant ly  i n  t h e i r  e f f ec t s  a t  high 
f i e l d s .  For example, the Schottky equation, 
j, = 120 T2 e x p k [ q  - (e3E)ll2I/(KT)), 
predicts  current dens i t i t es  over 0 .1  percent higher than those of the 
zero-order approximation f o r  the TIP expression when E(V/cm) > 2.4 cpT (V - %). 
The complete TIP equation i s  
3 +/? e2E e2E ecp - ( e  E )  + -
q - (e3E) + - * 
e -2 KT 
c 4 
KT 
1/2 e2E ecp - ( e 3 ~ )  + -
KT -3 e 
9 
+ - . . . .  1 5
The zero- and f i r s t -o rde r  approximations f o r  TIP supra-barrier emission 
d i f f e r  i n  current dens i t ies  by more than 0.1 percent only when 
So the zero-order approximation fo r  emission over the TIP ba r r i e r  holds 
as wel l  as the poten t ia l  model i t s e l f  up t o  10' V/cm. However, even before 
these f i e l d s  a re  reached tunneling makes the dike pre t ty  leaky. Thus, 
f 
8 .  
1 
3 
emission through as well as over the barrier must be considered. 
NIP field-emission functions were published by Burgess, Kroemer, and 
Now this paper presents TIP penetration probabilities, and, as Houston.2 
usuel, it all begins with the WKB approximations and restrictions. 3 
J 
where f varies slowly and is near-unity, V is electron potential, 
E 
an electron within the emitter, E 
distance from the emitter surface, xi and x2 are electron turning points 
(at eV - E = 0), e and m are electron charge and mass, p is Fermi level, 
cp is work function, E is electrostatic field, 
is kinetic energy of the positive-x-directed component of velocity for 
is Planck's constant divided by 231, x is 
2R. E. Burgess, H. KPoemer, and J. M. Houston, Phys. Rev. 90 
3D. Bohm, "Quantum Theory, It Prentice-Hall, 1961. 
515 (1953). 





O f  course, a t  6 = 0 f o r  nonzero p,  
I = -  2 JV2[l - 7 - y]"' d-, and 7 2 , l  = 2; [1 f (1 - ,-~,2)"7 , 
71 I 
which are iden t i ca l  w i t h  the  NIP expressions. 
Because distance,  f i e l d ,  and poten t ia l  a r e  r e a l  and posi t ive,  the 
allowed range of a depends on 6. This 6 e f f e c t  l i m i t s  a t o  values 
from zero (where I = 1) t o  those indicated i n  t ab le  I. 
However, f o r  E < - p or  6 2 1, XI = 0 and 71 = 6 ( ~ ~ / 2 ) ~  f o r  the  TIP case.  
So the  de f in i t e  i n t eg ra l  i n  the TIP penetration probabi l i ty  is, 
f o r  E < 1, 
? 
5 
and fo r  S 2 1, 
I(a,6) = 
1/2 
Here, y = (1 - 4 ( ~ ~ / 2 ) ~ / [ 1  + ( a / 2 ) 2 6 ] 2 }  , k = modulus of the  e l l i p t i c  
i n t eg ra l  = [ 2 1 / ( 1 v ) 1 1 / 2 ,  cp = sin-' (1 + r)/2 - (a/2)26/[1+ (a/2)261.)/r)~/~, 
and F(cp,k) and E(cp,k) are incomplete (complete when cp = n/2 as for  
6 < 1) e l l i p t i c  i n t eg ra l s  of the f i rs t  and second kinds, respectively.  
(< 
Values of I(a,6) and C(a ,E)  a re  l i s t e d  i n  tab les  I1 and 111. These 
can be used t o  compute TIP penetration p r ~ b a b i l i t i e s ; ~  they can also be 
compared with those fo r  the NIP case, which correspond t o  I(a,S) a t  S = 0 .  
g%k;ere t h e  YIP and T I P  theories  apply, they probably bracket r e a l  thermalt 
field-emission. 
In the use of these transmission coeff ic ients ,  the  usual precautions 
must be taken. For example, the distance from the  emitter t o  the  outside 
of t he  poten t ia l  b a r r i e r  must never decrease t o  lengths near the s i z e  of 
surface imperfections, and the emission density cannot be a s igni f icant  
f r a c t i o n  of the  in t e rna l  e lectron density. These and other extremes destroy 






6 0 0.1 0.2 0.4 0.6 0.8 0.9 1.0 >1 
u 1 1.03 1.06 1.13 1.23 1.38 1.52 2.0  m 
rn 
the simple emission models; so moderation is the rule fo r  T I P ' S  as well 
as NIP 'S .  
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TABIIF: 111. - I (a,s) 
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Fig. 1. Emission barrier for terminated image potentlal. 
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